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We investigate the time dependent orbital diamagnetic moment of a charged particle in a magnetic
field in a viscous medium via the Quantum Langevin Equation. We study how the interplay between
the cyclotron frequency and the viscous damping rate governs the dynamics of the orbital magnetic
moment in the high temperature classical domain and the low temperature quantum domain for an
Ohmic bath. These predictions can be tested via state of the art cold atom experiments with hybrid
traps for ions and neutral atoms. We also study the effect of a confining potential on the dynamics
of the magnetic moment. We obtain the expected Bohr Van Leeuwen limit in the high temperature,
asymptotic time (γt −→∞, where γ is the viscous damping coefficient) limit.
PACS numbers:
I. INTRODUCTION
The problem of a quantum charged particle in the pres-
ence of a magnetic field, coupled to a quantum mechan-
ical heat bath has been the focus of many studies[1–7].
The paradigm that is commonly used is the Quantum
Langevin Equation[2, 8] where the quantum charged par-
ticle is linearly coupled to a heat bath. The indepen-
dent oscillator (IO) model is typically used for the heat
bath. The coupling with the heat bath is characterized
by the operator valued random force F (t) and a mem-
ory function µ(t) which corresponds to the dissipative
kernel. The Quantum Langevin Equation is obtained
by integrating out the bath degrees of freedom, via the
Heisenberg description[2, 8].
Our interest here is to study the time dependent or-
bital magnetic moment using the nonequilibrium Quan-
tum Langevin dynamics. While there has been quite a
lot of interest in this area, most of the studies have fo-
cused on the asymptotic limit of time t→∞ [5, 6]. Here
we investigate in detail the time dependent orbital mag-
netic moment and study the interplay between the effect
of the magnetic field and damping effects due to dissipa-
tion. In particular, a particle of charge q and mass m in
a magnetic field B, moves in a circular orbit at a rate set
by the cyclotron frequency ωc = qB/mc, where c is the
speed of light. The friction coefficient γ provides a rate of
dissipation. We probe various different regimes of these
two competing time scales both in the high temperature
classical domain and the low temperature quantum do-
main and analyze the dynamics of the orbital magnetic
moment in these regimes.
We notice that the presence of these competing time
scales bring about some subtleties in determining the
asymptotic time behaviour − in particular the high tem-
perature Bohr Van Leeuwen limit of a zero magnetic mo-
ment. In earlier studies[5, 6] a confining potential has
been introduced in order to recover the equilibrium Lan-
dau diamagnetism expression for the magnetic moment,
which in turn, leads to the Bohr Van Leeuwen limit for
the magnetic moment in the classical high temperature
domain. However, the final expression for the Landau
diamagnetic moment has been obtained in the limit of
a zero confining potential. In this paper, we go beyond
earlier studies in investigating in detail the dependence of
the magnetic moment on the confining potential. In fact
the confining potential which is of the harmonic oscilla-
tor potential form V = 12mω
2
0r
2, brings in an additional
time scale ω−10 into the problem. This enables us to study
the relative importance of the time scales set by the vis-
cous damping rate γ, the cyclotron frequency ωc and the
frequency ω0 of the harmonic potential and study the
emergence of a zero magnetic moment in the long time,
high temperature limit. In contrast to earlier studies we
notice that the Bohr Van Leeuwen zero magnetic moment
limit can be obtained even without introducing an exter-
nal potential. Needless to say, one does recover the Bohr
Van Leeuwen limit also in the presence of a potential.
This paper is organized as follows. In Sec II we solve
the Quantum Langevin equation for a charged particle
in an external potential and in the presence of a mag-
netic field and analyse the general solution in terms of
the retarded Green’s function. In Sec III we study the
magnetic moment in the absence of a potential for both
high temperature classical and low temperature quantum
domains. In both cases, we analyse two regimes-a viscos-
ity dominated regime and a magnetic field dominated
regime. In Sec IV we do a similar analysis in the pres-
ence of a potential. In Sec V we study the approach to a
high temperature classical thermodynamic limit both-in
the absence and in the presence of a potential. Finally,
we end our paper with some concluding remarks in Sec
VI.
II. QUANTUM LANGEVIN EQUATION FOR A
CHARGED PARTICLE IN A MAGNETIC FIELD
The Quantum Langevin Equation (QLE) of a charged
particle in an external potential and in the presence of a
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2magnetic field is given by [2]
m~¨r(t) = −
∫ t
0
µ(t− t′)~˙r(t′)dt′ + q
c
(~˙r(t)× ~B)
−V ′(~r(t)) + ~f(t) (1)
where, m is the mass of the particle, µ(t) is the mem-
ory kernel, q is the charge, c is the speed of light, ~B
is the applied magnetic field, V is an external potential
and ~f(t) is the random force operator. The QLE is a
Heisenberg equation of motion for the displacement vari-
able ~r(t). The quantum particle is linearly coupled to a
passive heat bath. The couplings with the heat bath are
described by the random force operator and the memory
kernel. The spectral properties of the random force oper-
ator are characterized by the symmetric correlation and
the commutator:
1
2
〈{fα(t), fβ(0)}〉 = δαβ
2pi
∫ ∞
−∞
dωRe [µ(ω)] ~ω
coth
(
~ω
2kBT
)
e−iωt (2)
〈[fα(t), fβ(0)]〉 = δαβ
pi
∫ ∞
−∞
dωRe [µ(ω)]
~ωe−iωt (3)
Here, α, β = x, y, z, and δαβ is the Kronecker delta func-
tion.
Let us consider the magnetic field to be along the z
axis. Then the motion of the particle in the x− y plane
is affected by the presence of the magnetic field. The
motion along the z axis is a free particle motion. The
motion in the x− y plane is given by:
ξ¨(t) = −
∫ t
0
K(t− t′)ξ˙(t′)dt′ − iqB
mc
ξ˙(t)− ω20ξ(t)
+
F (t)
m
(4)
where, K(t) = µ(t)m . In the above equation we consider
V (x, y) = 12k(x
2 + y2). Here,
ξ = x+ iy, ω0 =
√
k
m
, F = fx + ify (5)
The solution to Eq. (4)[9, 10] is:
ξ(t) = ξ(0)G˙(t) + ξ˙(0)G(t) +
∫ t
0
dt′G(t− t′)F (t
′)
m
(6)
where G is the retarded Green’s function[11]. We have
set ξ(0) = 0. The retarded Green’s function is given by,
G(t) =
1
2pi
∫ ∞
−∞
dωe−iωtα(ω) (7)
where,
α(ω) =
1
−ω2 − iωK(ω) + ω20 + ωωc
(8)
is the response function. Here, ωc =
qB
mc is the cyclotron
frequency. Notice that the retarded Green’s function, is
a causal function, i.e.,
G(t) = 0 for t ≤ 0 (9)
Correspondingly the response function α(ω) is analytic
in the upper half complex plane. In other words, it does
not have any poles in the upper half complex plane[11].
III. TIME DEPENDENT ORBITAL MAGNETIC
MOMENT IN THE ABSENCE OF A POTENTIAL
The time dependent orbital magnetic moment is de-
fined as [6, 12]:
Mz(t) =
−q
2c
〈~˙r × ~r〉 (10)
=
−q
2c
〈(x˙y − y˙x)〉 (11)
Using Eq. (5), one can write:
Mz(t) =
q
2c
Im〈ξ˙(t)ξ†(t)〉 (12)
The expression for Mz(t) can be obtained using Eq. (6).
Here ξ†(t) is the Hermitian conjugate of ξ(t). Using a
particular heat bath model, we can obtain an explicit
expression for the response function and hence analyse
the orbital magnetic moment. In this paper we derive
the solution (Eq. (6)) for an Ohmic bath. The form of
the kernel for the Ohmic dissipation model [9, 13, 14] is
K(t) = 2γδ(t). Thus, K(ω) = γ.
The response function for the Ohmic bath in the ab-
sence of a confining potential i.e. ω0 = 0 is given by
α(ω) =
1
−ω2 − iωγ + ωωc (13)
The Green’s function is then the inverse Fourier trans-
form of α(ω) :
G(t) =
1
γ
(
1− e−γt) (14)
where, γ = γ + iωc. The solution to Eq. (4) i.e. Eq. (6)
is given by
ξ(t) =
ξ˙(0)
{
1− e−γt}
γ
+
1
γ
∫ t
0
dt′
(
1− e−γ(t−t′)
)
F (t′)
m
(15)
and
ξ˙(t) = ξ˙(0)e−γt +
∫ t
0
dt′e−γ(t−t
′)F (t
′)
m
(16)
ξ†(t) =
ξ˙†(0)
{
1− e−γ†t
}
γ†
+
1
γ†
∫ t
0
dt′
(
1− e−γ†(t−t′)
)
F †(t′)
m
(17)
3where γ† is the complex conjugate of γ. Thus,
Mz(t) =
q
2c
Im
{
〈|ξ˙(0)|2〉
γ†
e−γt
(
1− e−γ†t
)
+
γ~
pim
∫ ∞
−∞
dω
γ†
ω
γ2 + (ω − ωc)2 coth
(
~ω
2kBT
)
(
e−iωt − e−γt) (e−γ†t − 1)
+
γ~
pim
∫ ∞
−∞
dω
i
1
γ2 + (ω − ωc)2 coth
(
~ω
2kBT
)
(
e−iωt − e−γt) (eiωt − 1)} (18)
The explicit expression for 〈|ξ˙(0)|2〉 has been calculated
in the Appendix. For an Ohmic bath, in the absence of
a potential, using Eq. (A-3) we get:
〈|ξ˙(0)|2〉 = ~
mpi
∫ ∞
−∞
ωγcoth
(
~ω
2kBT
)
dω
γ2 + (ω − ωc)2
(19)
Therefore, the magnetic moment is
Mz(t) =
qγ~
2cmpi
Im
{∫ ∞
−∞
dωωcoth
(
~ω
2kBT
)
[
1− e−iωt − e−γteiωt + e−γt
ωγ† (ω + iγ)
− 1− e
−γ†te−iωt − e−γteiωt + e−γte−γ†t
γ† (ω + iγ)
(
ω − iγ†)
+
e−γt
(
1− e−γ†t
)
γ† (ω + iγ)
(
ω − iγ†)
]}
(20)
A. The High Temperature domain
In the high temperature limit coth
(
~ω
2kBT
)
∼ 2kBT~ω ,
thus Eq. (20) reduces to,
Mz(t) =
qγkBT
cmpi
Im
{∫ ∞
−∞
dω[
1− e−iωt − e−γteiωt + e−γt
ωγ† (ω + iγ)
− 1− e
−γ†te−iωt − e−γteiωt + e−γte−γ†t
γ† (ω + iγ)
(
ω − iγ†)
+
e−γt
(
1− e−γ†t
)
γ† (ω + iγ)
(
ω − iγ†)
]}
(21)
Using Cauchy’s residue theorem the integrals in Eq. (21)
can be solved and the time dependent magnetic moment
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FIG. 1: Plot of the time dependent orbital magnetic moment
as a function of time under the condition, γ > ωc. The dif-
ferent curves are obtained for different values of γ, using the
high temperature condition. The solid curve is for γ = 10,
the dashed curve is for γ = 20, the dotted curve is for γ = 30
and the dot-dashed curve is for γ = 40. For all the curves the
cyclotron frequency ωc = 1. The orbital magnetic moment
has been displayed in units of q~
mc
and the time t has been
displayed in units of γ−1.
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FIG. 2: Plot of the time dependent orbital magnetic moment
as a function of time under the condition, γ < ωc. The solid
curve corresponds to the high temperature condition and the
dashed curve corresponds to the low temperature condition.
Both curves are obtained in the absence of a confining po-
tential. The orbital magnetic moment has been displayed in
units of q~
mc
and the time t has been displayed in units of γ−1.
reduces to
Mz(t) =
qkBT
cm
{
(ωccos(ωct) + γsin(ωct)) e
−γt
γ2 + ω2c
− ωc
γ2 + ω2c
}
(22)
Let us first consider the viscous damping dominated
(γ > ωc) regime. The plot of the magnetic moment as a
4function of time for this regime is shown in Fig. (1). The
different curves are obtained for different values of γ. It
can be seen that as γ increases i.e. from the solid curve to
the dot-dashed curve, the magnetic moment tends to the
Bohr Van Leeuwen limit of a zero magnetic moment. In
fact, for γt >> ωct in the limit γt −→ ∞, Mz(t) −→ 0.
The plot of the magnetic moment as a function of time
for γ < ωc is shown by the solid curve in Fig. (2). This
is the magnetic field dominated regime. The magnetic
moment shows a damped oscillatory behaviour.
B. The Low Temperature domain
In the low temperature limit, coth
(
~ω
2kBT
)
∼ 1, thus
Eq. (20) reduces to,
Mz(t) =
qγ~
2cmpi
Im
{∫ ∞
−∞
dωω[
1− e−iωt − e−γteiωt + e−γt
ωγ† (ω + iγ)
− 1− e
−γ†te−iωt − e−γteiωt + e−γte−γ†t
γ† (ω + iγ)
(
ω − iγ†)
+
e−γt
(
1− e−γ†t
)
γ† (ω + iγ)
(
ω − iγ†)
]}
(23)
Solving the above integrals using Cauchy’s residue theo-
rem, Eq. (23) reduces to
Mz(t) =
−q~
2cm (γ2 + ω2c )
{(
γ2 + ω2c
)
+ 2ωcγe
−γtsin(ωct)
+
(
γ2 − ω2c
)
e−γtcos(ωct)− 2γ2e−2γt
}
(24)
In the damping dominated (γ > ωc) regime at low tem-
peratures, we notice that the magnetic moment goes over
to the constant value − q~2mc in the limit t −→ ∞ ex-
hibiting diamagnetism. We display the magnetic mo-
ment Mz(t) as a function of time t in Fig. (3) for var-
ious strengths of γ in the low temperature domain for
γ > ωc. We notice that all curves settle down to the
constant value of − q~2mc in the t −→ ∞ limit. As γ in-
creases it settles down to the constant negative value at
a smaller value of t. In contrast to the high temperature
zero magnetic moment asymptotic time limit (see Fig.
(1)), in the low temperature domain the magnetic mo-
ment settles down to a constant negative value of − q~2mc
for all values of γ exhibiting diamagnetism. The plot of
the magnetic moment as a function of time for γ < ωc
is shown by the dashed curve in Fig. (2). As in the
high temperature regime (the solid curve in Fig. (2)) we
again notice a damped oscillatory behaviour of the time
dependent orbital magnetic moment in the low temper-
ature regime (the dashed curve in Fig. (2)). However,
as expected, we do see a quantitative difference between
the low temperature (dashed) curve and the high tem-
perature (solid) curve.
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FIG. 3: Plot of the time dependent orbital magnetic mo-
ment as a function of time under the condition, γ > ωc. The
different curves are obtained for different values of γ, using
the low temperature condition. The solid curve is for γ = 10,
the dashed curve is for γ = 20, the dotted curve is for γ = 30
and the dot-dashed curve is for γ = 40. For all the curves the
cyclotron frequency ωc = 1. The orbital magnetic moment
has been displayed in units of q~
mc
and the time t has been
displayed in units of γ−1.
IV. TIME DEPENDENT ORBITAL MAGNETIC
MOMENT IN THE PRESENCE OF A
POTENTIAL
The response function in the presence of a confining
harmonic oscillator potential is given by
α(ω) =
1
−ω2 − iωγ + ωωc + ω20
(25)
The Green’s function is then the inverse Fourier trans-
form of α(ω)
G(t) =
1
γ+ − γ−
(
eγ+t − eγ−t) (26)
where,
γ± =
−γ
2
± 1
2
√
γ2 − 4ω20
The solution to Eq. (4) i.e. Eq. (6) is given by
ξ(t) =
ξ˙(0)
γ+ − γ−
{
eγ+t − eγ−t}
+
∫ t
0
dτ
{
eγ+(t−τ) − eγ−(t−τ)}
γ+ − γ−
F (τ)
m
(27)
5and
ξ˙(t) =
ξ˙(0)
γ+ − γ−
{
γ+e
γ+t − γ−eγ−t
}
+
∫ t
0
dτ
{
γ+e
γ+(t−τ) − γ−eγ−(t−τ)
}
γ+ − γ−
F (τ)
m
(28)
ξ†(t) =
ξ˙†(0)
γ∗+ − γ∗−
{
eγ
∗
+t − eγ∗−t
}
+
∫ t
0
dτ
{
eγ
∗
+(t−τ) − eγ∗−(t−τ)
}
γ∗+ − γ∗−
F †(τ)
m
(29)
where, γ∗± are the complex conjugates of γ±. Using Eqs.
(28) and (29), one can obtain the orbital magnetic mo-
ment
Mz(t) =
q
2c
Im
{ 〈|ξ˙(0)|2〉(eγ∗+t − eγ∗−t) (γ+eγ+t − γ−eγ−t)
|γ+ − γ−|2
+
γ~
pim
∫ ∞
−∞
dω
ω
|γ+ − γ−|2 coth
(
~ω
2kBT
)
[
eiωt
ω + iγ∗+
− e
iωt
ω + iγ∗−
− e
γ∗+t
ω + iγ∗+
+
eγ
∗
−t
ω + iγ∗−
]
[
γ+e
−iωt
ω − iγ+ −
γ−e−iωt
ω − iγ− −
γ+e
γ+t
ω − iγ+ +
γ−eγ−t
ω − iγ−
]}
(30)
In this case, using Eq. (A-3) 〈|ξ˙(0)|2〉 is given by
〈|ξ˙(0)|2〉 = ~
mpi
∫ ∞
−∞
ω3γcoth
(
~ω
2kBT
)
dω
(ω2 − ω20 − ωωc)2 + (ωγ)2
(31)
Thus Eq. (30) reduces to
Mz(t) =
q
2c
Im
{
~
mpi
1
|γ+ − γ−|2∫ ∞
−∞
ω3γcoth
(
~ω
2kBT
)
dω
(ω2 − ω20 − ωωc)2 + (ωγ)2(
eγ
∗
+t − eγ∗−t
) (
γ+e
γ+t − γ−eγ−t
)
+
γ~
pim
∫ ∞
−∞
dω
ω
|γ+ − γ−|2 coth
(
~ω
2kBT
)
[
eiωt
ω + iγ∗+
− e
iωt
ω + iγ∗−
− e
γ∗+t
ω + iγ∗+
+
eγ
∗
−t
ω + iγ∗−
]
[
γ+e
−iωt
ω − iγ+ −
γ−e−iωt
ω − iγ− −
γ+e
γ+t
ω − iγ+ +
γ−eγ−t
ω − iγ−
]}
(32)
A. The High Temperature domain
In the high temperature limit coth
(
~ω
2kBT
)
∼ 2kBT~ω .
Substituting this in Eq. (32) and using Cauchy’s residue
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FIG. 4: Plot of the time dependent orbital magnetic moment
as a function of time under the condition, γ > ωc. The dif-
ferent curves are obtained for different values of γ, using the
high temperature condition. The solid curve is for γ = 10,
the dashed curve is for γ = 20, the dotted curve is for γ = 30
and the dot-dashed curve is for γ = 40. For all the curves
the cyclotron frequency ωc = 1 and ω0 = 5. The curves are
obtained in the presence of a finite potential. The orbital
magnetic moment has been displayed in units of q~
mc
and the
time t has been displayed in units of γ−1.
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FIG. 5: Plot of the time dependent orbital magnetic moment
as a function time under the condition, γ < ωc. The solid
curve corresponds to the high temperature condition and the
dashed curve corresponds to the low temperature condition.
Both curves are obtained in the presence of a finite potential.
The orbital magnetic moment has been displayed in units of
q~
mc
and the time t has been displayed in units of γ−1. Here,
γ = 0.5, ωc = 25 and ω0 = 5.
theorem, the magnetic moment in the high temperature
6limit can be obtained:
Mz(t) = − 2qkBTγ
mc|γ+ − γ−|2 Im
{
γ+
(γ+ + γ∗+)
− γ+e
γ+teγ
∗
+t
(γ+ + γ∗+)
− γ−
(γ− + γ∗+)
+
γ−eγ−teγ
∗
+t
(γ− + γ∗+)
− γ+
(γ+ + γ∗−)
+
γ+e
γ+teγ
∗
−t
(γ+ + γ∗−)
+
γ−
(γ− + γ∗−)
− γ−e
γ−teγ
∗
−t
(γ− + γ∗−)
+
γ2+
(
eγ
∗
+t − eγ∗−t
)
(γ+e
γ+t − γ−eγ−t)
(γ+ − γ−)(γ+ + γ∗+)(γ+ + γ∗−)
+
γ2−
(
eγ
∗
+t − eγ∗−t
)
(γ+e
γ+t − γ−eγ−t)
(γ− − γ+)(γ− + γ∗+)(γ− + γ∗−)
}
(33)
The plot of the magnetic moment as a function of time
for γ > ωc regime is shown in Fig. (4). The different
curves are obtained for different values of γ. It can be
seen that just like in Fig. (1), as γ increases i.e. from
the solid curve to the dot-dashed curve, the magnetic
moment tends to a zero value. We notice that the mag-
netic moment in the presence of a potential has a value
closer to zero for a given value of γ, compared to a situa-
tion where there is no confining potential. This signifies
that adding a potential to the problem makes it easier to
get the Bohr Van Leeuwen limit of a zero magnetic mo-
ment. An evaluation of Eq. (33) gives Mz(t) = 0 for the
damping dominated (γ > ωc) regime in the high temper-
ature domain in the limit γt −→∞. Thus the Bohr Van
Leeuwen limit of a zero magnetic moment is recovered
both in the absence and in the presence of a confining po-
tential in the viscous damping dominated regime in the
high temperature classical limit. The plot of the mag-
netic moment as a function of time for γ < ωc regime is
shown by the solid curve in Fig. (5). This is the magnetic
field dominated regime. The magnetic moment shows a
damped oscillatory behaviour.
B. The Low Temperature domain
In the low temperature limit, coth
(
~ω
2kBT
)
∼ 1. Sub-
stituting this in Eq. (32) and using Cauchy’s residue
theorem, the magnetic moment in the low temperature
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FIG. 6: Plot of the time dependent orbital magnetic mo-
ment as a function of time under the condition, γ > ωc. The
different curves are obtained for different values of γ, using
the low temperature condition. The solid curve is for γ = 10,
the dashed curve is for γ = 20, the dotted curve is for γ = 30
and the dot-dashed curve is for γ = 40. For all the curves
the cyclotron frequency ωc = 1 and ω0 = 5. The curves are
obtained in the presence of a finite potential. The orbital
magnetic moment has been displayed in units of q~
mc
and the
time t has been displayed in units of γ−1.
limit can be obtained:
Mz(t) = − q~γ
2mc|γ+ − γ−|2
Im
{
2i
(
γ2+
(γ+ + γ∗+)
+
γ+γ
∗
+e
γ+teγ
∗
+t
(γ+ + γ∗+)
− γ
2
−
(γ− + γ∗+)
− γ−γ
∗
+e
γ−teγ
∗
+t
(γ− + γ∗+)
− γ
2
+
(γ+ + γ∗−)
− γ+γ
∗
−e
γ+teγ
∗
−t
(γ+ + γ∗−)
+
γ2−
(γ− + γ∗−)
+
γ−γ∗−e
γ−teγ
∗
−t
(γ− + γ∗−)
−
γ3+
(
eγ
∗
+t − eγ∗−t
)
(γ+e
γ+t − γ−eγ−t)
(γ+ − γ−)(γ+ + γ∗+)(γ+ + γ∗−)
−
γ3−
(
eγ
∗
+t − eγ∗−t
)
(γ+e
γ+t − γ−eγ−t)
(γ− − γ+)(γ− + γ∗+)(γ− + γ∗−)
)}
(34)
In the viscous damping dominated regime (γ > ωc), we
find that the magnetic moment goes over to a constant
negative value of − q~2mc (see Fig. (6)). Here also similar
to Fig. (3), we find that as γ increases, it takes a smaller
amount of time to settle down to the constant negative
value.
The plot of the magnetic moment as a function of time
for γ < ωc regime is shown by the dashed curve in Fig.
(5). The nature is similar to what is exhibited by the solid
curve in Fig. (5), which is damped oscillatory. However,
in detail, the two curves (the solid line and dashed line
in Fig. (5)) are quantitatively distinct.
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FIG. 7: Plot of the time dependent orbital magnetic moment
as a function of the damping coefficient γ, for different values
of the cyclotron frequency ωc and at a finite time t. This
is the zero potential case. The plots are obtained using Eq.
(22). The solid line is for ωc = 0.5, dashed is for ωc = 1
and dot-dashed is for ωc = 2. For all cases, t = 1. The
orbital magnetic moment has been displayed in units of q~
mc
and the time t has been scaled in units of γ−1. The damping
coefficient γ and the cyclotron frequency ωc have been scaled
in the units of kBT~ .
V. APPROACH TO THE HIGH
TEMPERATURE CLASSICAL
THERMODYNAMICS
The curves of the magnetic moment as a function of γ
for different values of ωc are shown in Fig. (7) using Eq.
(22) which corresponds to the high temperature damping
dominated regime. It can be seen that as γ increases the
magnetic moment tends to zero. We also notice that the
lower the value of ωc, the faster the approach to zero of
the magnetic moment. This trend is similar to what has
been reported in Ref.[5]. In contrast to Ref.[5], where
they have studied the dependence of the magnetic mo-
ment on the parameters γ and ωc in the asymptotic time
limit i.e. t → ∞, we have studied this for a finite value
of time t. We thus get a detailed picture of the interplay
of the competing time scales set by γ−1 and ω−1c lead-
ing to a zero magnetic moment Bohr Van Leeuwen limit
for a large dissipation coefficient γ for a finite t i.e. for
γt >> 1.
In addition we study a similar dependence of the mag-
netic moment in the presence of a finite potential in Fig.
(8). The plots are obtained using Eq. (33). In this
case also we recover the Bohr Van Leeuwen limit of a
zero magnetic moment. We can see if we compare Figs.
(7) and (8), that the magnetic moment for the same cy-
clotron frequency shows very different values. The mag-
nitude of the values are much smaller in the finite po-
tential case compared to the zero potential case. The
difference arises because of the presence of an additional
time scale ω−10 . In the finite potential case the zero value
0 2 4 6 8
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-0.2
-0.1
0
M
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1
FIG. 8: Plot of the time dependent orbital magnetic moment
as a function of the damping coefficient γ, for different values
of the cyclotron frequency ωc and at a finite time t. This is
the finite potential case. The plots are obtained using Eq.
(33). The solid line is for ωc = 0.5, dashed is for ωc = 1
and dot-dashed is for ωc = 2. For all the cases, t = 1 and
ω0 = 5. The orbital magnetic moment has been displayed
in units of q~
mc
and the time t has been scaled in units of
γ−1. The damping coefficient γ, cyclotron frequency ωc and
the harmonic oscillator frequency ω0 have been scaled in the
units of kBT~ .
is obtained for an even smaller value of γ compared to
the case of a zero confining potential.
VI. CONCLUSIONS
In this paper we have analysed in detail the nonequi-
librium quantum Langevin dynamics of the orbital mag-
netic moment in the high temperature classical domain,
as well as the low temperature quantum domain and
studied the role of a confining potential in this dynam-
ics. For both the high temperature classical domain and
low temperature quantum domain we have addressed two
different regimes: a damping dominated regime γ > ωc
and a magnetic field dominated regime γ < ωc. We have
obtained the Bohr Van Leeuwen limit in the damping
dominated γ > ωc high temperature classical regime in
the limit γt → ∞ . This has been observed both in
the absence of a potential as well as in the presence of
a confining potential. In the low temperature quantum
regime, the magnetic moment settles to a constant nega-
tive value exhibiting diamagnetism. This feature remains
the same whether or not the system is kept in a confining
potential. We notice that the orbital magnetic moment
exhibits a damped oscillatory behaviour in the magnetic
field dominated regime γ < ωc both in the high tempera-
ture classical and low temperature quantum regimes, the
oscillation frequency being determined by the cyclotron
frequency.
Our predictions for the damped oscillatory dynamics
8of the orbital diamagnetic moment can be tested via cold
atom experiments with hybrid traps for ions and neutral
atoms, for instance, by considering a single ion immersed
in a BEC[15]. An uniform magnetic field can be gener-
ated using magnetic coils in a Helmholtz configuration
and a dissipative medium can be set up via a 3D opti-
cal molasses[16], combined with a magnetic or an optical
trap. One can tune the temperature by tuning the depth
of the trap and measure the orbital magnetic moment
dynamics in the entire range spanning between low and
high temperatures.
We would like to draw attention to a subtlety in obtain-
ing the Bohr Van Leeuwen zero magnetic moment limit.
As we discussed, there are two significant time scale do-
mains: one dominated by the viscous relaxation rate and
the other dominated by the cyclotron frequency. We no-
tice that in the first domain one obtains the classical Bohr
Van Leeuwen limit even in the absence of a confining po-
tential. In contrast, in the second domain, which is dom-
inated by the cyclotron frequency, the viscous damping
rate is not high enough to reach the equilibrium ther-
modynamic Bohr Van Leeuwen zero magnetic moment
limit. Thus the relative strength of the viscous damping
and the cyclotron frequency plays a crucial role in at-
taining the classical thermodynamic Bohr Van Leeuwen
limit.
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Appendix: Expression for 〈|ξ˙(0)|2〉
The reduced QLE is given by Eq. (4)
ξ¨(t) = −
∫ t
0
K(t− t′)ξ˙(t′)dt′ − iqB
mc
ξ˙(t)− ω20ξ(t)
+
F (t)
m
(A-1)
In terms of Fourier transform, the solution of the above
equation can be written as,
ξ(ω) =
F (ω)
m (−ω2 − iωK(ω) + ω20 + ωωc)
(A-2)
Now,
ξ(t) =
∫ ∞
−∞
ξ(ω)e−iωtdω
ξ˙(t) =
∫ ∞
−∞
−iωξ(ω)e−iωtdω
For t = 0,
ξ˙(0) =
∫ ∞
−∞
−iωξ(ω)dω
=
∫ ∞
−∞
−iωF (ω)dω
m (−ω2 − iωK(ω) + ω20 + ωωc)
=
∫ ∞
−∞
iωF (ω)dω
m (ω2 − ω20 − ωωc − ωIm[K(ω)] + iωRe[K(ω)])
And,
ξ˙†(0) =
∫ ∞
−∞
−iωF †(ω)dω
m (ω2 − ω20 − ωωc − ωIm[K(ω)]− iωRe[K(ω)])
Hence,
〈|ξ˙(0)|2〉 =
∫ ∞
−∞
ω2〈F (ω)F †(ω)〉dω
1
m2
[
(ω2 − ω20 − ωωc − ωIm[K(ω)])2 + (ωRe[K(ω)])2
]
=
~
mpi
∫ ∞
−∞
ω3Re[K(ω)]coth
(
~ω
2kBT
)
dω
1
(ω2 − ω20 − ωωc − ωIm[K(ω)])2 + (ωRe[K(ω)])2
(A-3)
The last step is obtained using the force-force correlation
(Eq. (2)).
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